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The propagation of a pair of quantized fields inside a medium of three-level atoms in A configu- 
ration is analyzed. We calculate the stationary quadrature noise spectrum of the field after prop- 
agating through the medium in the case where the field has a general (but small) noise spectrum 
and the atoms are in a coherent population trapping state and show electromagnetically induced 
transparency (EIT). Although the mean values of the field remain unaltered as the field propagates, 
there is an oscillatory interchange of noise properties between the probe and pump fields. Also, as 
the field propagates, there is an oscillatory creation and annihilation of correlations between the 
probe and pump quadratures. We further study the field propagation of squeezed states when there 
is two-photon resonance, but the field has a detuning S from atomic resonance. We show that the 
field propagation is very sensitive to 5. The propagation in this case can be explained as a com- 
bination of a frequency dependent rotation of maximum squeezed quadrature with an interchange 
of noise properties between pump and probe fields. It is also shown that the effect of the Doppler 
width in a squeezed state propagation is considerable. 

PACS numbers: 42.50.Gy,42.50.Ar,42.50.Lc 



I. INTRODUCTION 

Electromagnetically induced transparency (EIT) [1] 
emerges when coherence between electronic states of an 
atom suppresses the absorption of incident light. An usu- 
ally opaque medium consisting of such atoms becomes 
transparent. Three electronic levels in a A-shaped con- 
figuration are a paradigm for showing EIT when the two 
lower states are coupled in two-photon resonance via the 
common excited state: In this case destructive interfer- 
ence between the two excitation paths suppresses absorp- 
tion of photons. EIT has found many applications in 
coherent transfer of atoms [2 , , laser cooling |31 S] , and 
recently it was proposed to serve as a quantum memory 
device for applications in quantum information technol- 
ogy EE]. 

The A-configuration is exemplified in Fig.[T| where two 
(meta-)stable states, |1) and |2) are both coupled to an 
excited state |e) by dipolc interaction with the electro- 
magnetic fields of illuminating laser light. Spontaneous 
emission rates from the excited state with linewidth 7 
into \i) are denoted by 7^ and the detunings of the 
lasers' carrier frequency from the atomic transitions are 
labeled by Si. Detuned two-photon resonance is present 

a Si = 62 = 3^0. 

In the usual setup, the so-called pump laser drives one 
transition, e.g. |1) |e), while the probe laser, interact- 
ing with |2) ^ |e), is tested for transparency [7]. The 
Rabi frequencies associated with pump and probe are 
denoted by fii and ^l2- The linear response of the ab- 
sorption of the probe by the medium is described by the 




FIG. 1: The atoms have a A configuration with stable or 
metastable states |1) and i2) and common excited state |e). 
The transitions \j) ^ \e) with dipole coupling constants 
Qj underlie spontaneous decay of rates 7j {j = 1,2), the 
linewidth of |e) is 7 = 71 + 72. 



imaginary part of the electric susceptibility x which is 
proportional to the mean value of the imaginary part of 
the electric dipole. In the case of two-photon resonance, 
di —62, the imaginary part of the electric susceptibility 
X vanishes and the medium becomes transparent for the 
classical field. In Fig. [2] we plot Imx as a function of the 
probe detuning 62 for the cases where the pump is in res- 
onance {5i = 0, solid line) and detuned {Si = 7, dashed 
line). The maximum absorption frequency of the probe 
field increases monotonically with the Rabi frequencies. 

There has been recent interest in understanding the 
behavior of the quantum and noise properties of a field 
which propagates in EIT media. The studies concentrate 
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FIG. 2: Absorption spectrum of the probe's mean value in 
the case of a resonant pump field, 5i = 0, (solid line) and a 
detuned pump field 5i = 7 (dashed line), in arbitrary units. 
Here, S2 ~ refers to a resonant driving of the probe transi- 
tion. Parameters: f2i = = 7- 

on two cases: (i) when the strength of the intensity of 
the pump field if much bigger than the probe field and 
(ii) when the intensity of the pump field is of the same 
order as the probe field. 

For case (i), assuming a classical pump field and ne- 
glecting the small absorption inside the EIT window, cal- 
culation shows that an incoming quantum state is the 
same after propagation in the medium [F. For the case 
where both fields are quantized, with the resonant pump 
field being a coherent state and the incoming probe state 
a squeezed vacuum, the absorption of squeezing from the 
different frequencies of a broadband squeezed vacuum 
follows the classical EIT window [S]. Different exper- 
iments that measure propagation of a probe squeezing 
vacuum use this fact in order to explain the propagated 
field . 

When the absorption of the squeezed vacuum follows 
the classical EIT window, we can write the effect of the 
medium on the field in the following way [3]. Let a^u) 
be the annihilation operator for frequency uj. Then, after 
propagation: 

a"iLu) = T{u;)a{oj) + - \T{uj)\^v{oj) , (1) 

where v{uj) is the vacuum contribution and T(lo) is the 
transmission function from the classical measurement. 

In some cases it is necessary to include the atomic noise 
generated by the atoms due to decoherence in the base 
levels in order to explain the experimental results [mil2j . 

For case (ii) a theoretical study of general phase noise 
propagating in EIT was carried out in references [13} [T4]. 
in the stationary regime. In these studies, the spectrum 
of the difference between the phase noise of both fields 
is treated. They found that as the field propagates the 
phase noise of both fields correlate and tend to be the 
same. Inside the validity domain of the approximation, 
the length of the formation of this correlation follows the 
classical EIT transparency curve. The more transparent 
the medium for the mean values, the longer the distance 
the field has to propagate in order to get correlated. Note 
that this result, although it does not give the noise spec- 



trum for each field, tells us that the field indeed changes 
as it propagates and the scale of this change is given by 
the scale of the build-up of the correlations. Neverthe- 
less, changing the field strength can make this scale very 
long. This result is similar to that in Ref . ^8^ , in the sense 
that the distance scale where the field changes follows the 
classical EIT transparency curve. 

There are also several experimental studies of the prop- 
agation of probe and pump field noise and its correlations 
[TOl [T5] . They explain the results using the known effect 
of transformation of the incoming laser phase-noise to in- 
tensity noise. This transformation happens due to small 
absorption by the atoms because of decoherence effects. 
In the case of perfect EIT , this process would not exist, 
and the correlations would not emerge. 

Recent calculations, where both fields, probe and 
pump, are treated quantum mechanically, show what 
happens in the case where the probe field is initially a 
squeezed state. It is shown, in the stationary regime and 
where there is no decoherence between the base levels, 
that although the medium is transparent for the mean 
values of the field, initial quantum fluctuations are not 
necessarily preserved after interaction. In the case of a 
cavity filled with atoms in A configuration driven by a 
squeezed pump field and a coherent pump field, the quan- 
tum properties of the output field can be very different 
from the quantum properties of the input field (TTJ [18] . 

Similar calculations were done in the case of a probe 
squeezed state and a pump coherent state propagating in 
a medium showing EIT. When the probe and pump car- 
rier frequencies drive the atoms in resonance with their 
respective transition, there is an oscillatory interchange 
of noise properties between the initially squeezed probe 
field and the initially coherent pump field as the state 
propagates inside the medium. The length of this inter- 
change of squeezing can be much smaller than the length 
where the phase noise of both fields correlate [14] |19j . 
This means that the state measured after interacting with 
the EIT medium can be totally different to the incoming 
state and that the kind of analysis expressed by Eq. ([T]) is 
not always valid. Note that this interchange of squeezing 
between probe and pump fields is not related to absorp- 
tion or noise generated by the atoms. 

In this paper, treating both fields quantum mechani- 
cally, we study (i) the spectrum of the probe and pump 
quadrature and the correlations between them when the 
pump and probe field have some initial general noise, (ii) 
the case where there is two-photon resonance, but the 
carrier frequencies of the fields are not in resonance with 
the corresponding atomic transitions {5i = 82 = 5 ^ 0) 
[SI], and (iii) the effect of the atoms' Doppler width in 
the field propagation. We find that the interchange of 
noise properties between squeezed states and coherent 
states described in [T^] extends to the case of general 
noise. Thus, for some spectrum frequency and distance, 
the probe noise becomes equal to the initial pump noise, 
and vice versa. Also, as the field propagates, there is an 
oscillatory creation and annihilation of correlations be- 
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tween the pump and probe fields. Our results allow, for 
example, to study the propagation of a probe squeezed 
state with a pump laser with some phase noise. Although 
this is usually the case, it has not been treated theoreti- 
cally before, except for the case where only difference in 
the phase noise was studied [M]. Our results allows us to 
predict the quadrature of each field and the correlation 
between them and not only the spectrum of the phase 
difference. Furthermore, we do not make an adiabatic 
approximation: Our solution is valid for all frequencies. 

We find also new qualitative behavior that appears nei- 
ther in the semiclassical nor in the resonance case. If the 
carrier frequencies of the pump and probe fields drive 
the atoms with the same detuning from their respective 
dipolar transition then, the mean value of the field stays 
unaltered. Basically this means that as long as there 
is two-photon resonance, the photon detuning from the 
atomic transition does not have a strong effect in the 
propagation of classical pulses in EIT. Nevertheless, our 
analysis shows that a detuned (from the atom transition) 
two-photon resonance of the carrier frequencies have a 
large impact on the propagation of the field state. 

Our results show that the propagation of general states 
in EIT media is richer than was usually believed. In par- 
ticular we show that the maximum squeezed quadrature 
of an initial broad squeezed vacuum rotates as it propa- 
gates in the medium, the velocity of rotation depends on 
the detuning from the atom transition and the spectrum 
frequency of interest. This means that after some propa- 
gation, the maximum squeezed quadrature of the propa- 
gated field is different for each frequency. This spectrum- 
frequency velocity dependent rotation of the quadratures 
implies that the output field is different to the incoming 
field for length scales where the mean values of the field 
are almost unchanged. 

Note that the reduced velocity of pulse propagation 
in an EIT medium implies a rotation of the maximum 
squeezed quadrature. This quadrature rotation is due to 
the phase difference between the pulse, after propagat- 
ing inside the medium, with respect to the local oscil- 
lator used to measure the quadratures. This phase dif- 
ference depends on the pulse velocity. Nevertheless this 
phase difference is global and because of that the quadra- 
tures for each spectrum-frequency are rotated the same 
amount. The fact that we obtain that the velocity of 
rotation depends on the spectrum frequency makes this 
result qualitatively different from the quadrature rotation 
due to slow light propagation. 

We also show that in the case where the probe and 
pump field have the same Rabi frequency, propagation is 
a combination of the rotation of the squeezed quadrature 
plus interchange of noise properties between the probe 
and pump field. 

We also present the influence of detuned two-photon 
resonances on EIT media with some Doppler width. The 
movement of the atoms in a medium causes a shift of 
the frequency that the atoms "see" in their reference 
frame. Due to this Doppler effect, the atom experiences 



a velocity-dependent frequency shift relative to the car- 
rier frequency of the fields measured in the laboratory 
frame. For a thermal vapor cell at room temperature, 
the Doppler width can be several times the decay rate. 
If the pump and probe fields propagate in the same di- 
rection, then the Doppler effect consists of detuning the 
frequency of both fields by the same amount. This im- 
plies that the propagation of the mean value of the field 
would be negligibly disturbed, because, independently of 
the Doppler width, all the atoms would be in two-photon 
resonance and the media shows EIT 7}. This observation 
is one reason why conventional (mean value measurement 
of the field) EIT experiments can be performed at room 
temperature. In contrast, a detuned two-photon reso- 
nance has a strong effect on the propagation of quantum 
states. This implies a significant impact of the atoms' 
Doppler width on the quadrature spectra measured af- 
ter propagation. There are many recent experiments 
where the propagation of vacuum squeezed states is stud- 
ied m mi m Hg. our results impose a restriction 
on the possibility of conducting EIT experiments with 
squeezed states in denser thermal clouds, even when we 
can neglect decoherence between the base levels. 

The paper is organized as follows: in section [ll] we 
state the equations for the field and for the atoms, in 
section|TTT]we study the case where the carrier frequencies 
of the probe and pump field are in resonance and the 
incoming field has some general noise, in section IV we 



study the case where the carrier frequencies of the probe 
and pump field are in a detuned two-photon resonance 
{Si — §2 = S ^ 0), in section|v]we study the effect of the 
Doppler width on the propagation of the field. 



II. THEORETICAL DESCRIPTION OF THE 
PROPAGATING FIELDS 

The dynamics of the composite system of atoms and 
pump and probe fields are described by Heisenberg's 
equation of motion [IT , 

^ + I aj = -WjNaje , (2a) 

and 
d 1 

— wi =-(-7i - 7)(1 + mi + W2) - 2igi{aeiai - a{aie) 
d 1 

^^^2 =2 (-72 - 7)(1 + ^^1 + -^2) - igi{(Teiai - a\aie) 
d 7 

^CTie =(- 2 + '^Si)(Tie + IQiWiai - ig2(Jl2a2 + fie, 

d 7 

^Cr2e =(^2 ^ *'^2)0'2e + 192^^2(^2 - igiCf2iai + /2e, 



d_ 
di 



0-21 =(-712 - - ^2])o-2i - igia\a2e + ig2(^eia2 + hi 

(2b) 
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where j = 1,2. This description relies on a multi- 
mode decomposition of the electromagnetic fields Ej = 
£jaj{z,t) exp[ikjZ — iujjt] + h.c. around the carrier fre- 
quencies ujj — ckj, where \£j\ is the corresponding vac- 
uum electric field. The detuning with respect to the 
atomic transition ujje is given by 5i = uji — tOje- In this 
notation, the field envelope operators aj{z,t) are slowly 
varying in space and time, allowing us to write Maxwell's 
equation in the form ( 2a I , where the atomic polarization 



proportional to aje acts as a source 
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written in the continuum limit, where a^f^ = \f^)^''H^\ 
is the atomic operator of atom j at position Zj. Here 
A'' is the number of atoms, L the length of the medium 
and Az a space region around z. This approximation is 
justified if the inter-atomic distance is smaller than the 
length scale introduced by the wavelength of the carrier 
fields. 

The coupling between atoms and field relies on a dipole 
interaction with coupling constant gj = p ■ £j/h, where 
p is the atomic dipole moment. In order to arrive 



at the form of equations (2a I and (2b), the rotating 



wave approximation was performed and all the opera- 
tors are in a reference frame rotating with the corre- 
sponding carrier frequencies. The laboratory frame no- 
tation can be obtained by the transformations cr' ■ = 
ffej exp [~i{Sj + i^Jje)] and a'12 = o'i2 exp [—i{Si — S2)]. 

To account for the noise introduced by the coupling 
of the atomic system to the free radiation field, delta- 
correlated, collective Langevin operators, fj, were intro- 
duced. They have vanishing mean values and correla- 
tion functions of the form {fx{z,t)fy{z,t')) — ^DxyS{t — 

t')5{z — z'). The diffusion coefficients D^y can be 
obtained from the generalized Einstein equations |24j . 
Their explicit form can be found, for example, in |25j . 

In order to obtain the spectrum of the quadrature fluc- 
tuations, the system of equations is solved in the small- 
noise approximation using the standard technique of 
transforming them into a system of c-number stochastic 
differential equations |26j . The initial conditions for our 
analysis are: The probe and pump field has (oj) = aj, 
thus driving the atomic transitions with Rabi frequency 

^3 = 

Denoting the fluctuation of the 6 quadrature of fleld 
j = 1,2 as 

6Yf{z, t) = 5aj{z, t) exp(-i6l) (5a] (z, t) exp(i0) , (3) 

where So ^ o — (o), the ^-quadrature noise spectrum, in 
the stationary regime, is given by 



Sj{z,uj)^ / e-''^*((5y/(z,t)(5r/(z,0))dt, (4) 



and the correlations noise spectrum between, the probe 



01-quadrature and the pump 02-quadrature, is given by 

00 

Sc{z,uj)= J e-''^'{SY^^z,t)5Y^^z,0))dt, (5) 



where a; = corresponds to the carrier frequency of the 
fleld in accordance with the co-rotating reference frame 
we use. The initial conditions for the fluctuations can be 
written as 



Si{z = 0,u) = l + 2gi(w)cos(26') + 2/i(w), 
S2iz = 0,u) = l + 2(72(w)cos(26')-K2/2(c^), 
Sc{z = 0,uj) = 0, (6) 

where fj{Lu) and gj{Lo), j — \,2 are real. 



III. CARRIER FREQUENCIES IN RESONANCE 
WITH ATOMIC TRANSITIONS (di = ^2 = 0) 

We solve equations ^ with Si — 82 — and noise 
spectrum given by ([6|, following the treatment used in 
[T^. We list in appendix |A] the analytical expressions for 
the quadrature noise spectra of the pump (j = 1) and 
probe {j = 2) fleld, and the correlations between them. 

The behavior of the spectrum is characterized by two 
quantities: as the fleld propagates Q^*^ characterizes an 
exponential decay of noise properties and Q^''-' charac- 
terizes the coherent propagation of the fleld which corre- 
sponds to an oscillatory evolution of noise properties. 

The behavior of Q'-*-' as a function of the parameters 
resembles the behavior of the classical transmission spec- 
trum {T{ijj) in Eq. ([T|). The absorption of the initial 
properties of the fleld is then characterized by this quan- 
tity and allow us to deflne a length scale, Zabs, where 
these absorptions are important. 



^abs«l/(|Q(*^|) 



A. Propagation of the fleld quadratures 



(7) 



When Q^^^z <C 1, that is, when we consider positions 
z where the exponential absorption of the fluctuations 
can be neglected, we can easily understand the effect of 
the oscillatory behavior characterized by Q^''^ Let us 
assume that ai = a2, then, as the fleld propagates, there 
is a complete oscillatory interchange of noise properties: 

52(g('')z = /ctt) = 5i(g('')z = (fc -f l)7r) , (8) 



5, (Q('-)z = kTT + 7r/2) - {Si{z - Q)+S2{z - 0))/2 , (9) 

where k is an integer an j = 1, 2. 

In Fig. |3^) we have plotted the fluctuation spectrum 
for an initially squeezed probe (solid) and an initially 
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FIG. 3: Quantum properties of probe and pump fields propagating through an EIT medium, (a) The fluctuation spectrum of 
the probe (solid), initially (at z = 0) in a squeezed state with squeezing parameter ^ = f and of the pump (dashed), initially 
in a coherent state, as a function of position for 9 = and no absorption (7^ = 0). (b) Same as (a) but with absorption. The 
amplitude of the oscillations decays 1/e after 2aba/|2osc| = 2.02 periods. 



coherent pump (dashed), as a function of propagation 
length z. For a complete discussion when the probe field 
is a squeezed state, see pj]. 

Equations ^ and ^ clearly display a spectrum- 
frequency dependent oscillatory transfer of the initial 
noise properties of the probe to the pump and back while 
traveling through the medium, and it extends the result 
of [W to any initial noise. The length scale of the oscil- 
latory transfer Zqsc = 2Tr/Q^^^ can be much smaller than 
the absorption length scale Zabs- In fact 



■^-abs 



\Zosc\ 7r7cj 

In the case where ujj ^ il^ (corresponding to obser- 
vations frequencies inside the transparency window) we 
have Zabs > | ^osc I ■ 

In Fig.|3|3), the interplay of both scales, oscillatory and 
absorption, can be clearly observed. 

The oscillatory behavior implies that the outgoing field 
can be completely different from the incoming field, al- 
though the mean values stay exactly the same. This effect 
cannot be explained with the usual approach expressed 
by Eq.([T|). Moreover, it is qualitatively different from the 
absorption since the noise properties, for each frequency, 
is recovered after some propagation. 



B. Propagation of correlations 

A previous study of propagation of noise correlation 
between the pump and probe field was done in |14j . 



They studied the particular case of phase difference fluc- 
tuations. We first obtain a generalization (for the no- 
decoherence case) of the known result of the spectrum 
of phase difference fluctuations given in [2] . We present 
here the result for no decoherence in the base level, but 
valid for all frequencies (no adiabatic approximation). 
Let represent the phase of field j. We use the fact 
that for small noise the phase quadrature noise is pro- 
portional to the phase noise 26J. From Eqs. (Al), (A2| 
and (|A3|, we obtain {ai = a2 — a): 



S^{uj,z) = {5(1)1 - 6(f)2)'^ 
a 

= \e-Q""^->S4co,z^0). 



(10) 



Observe that as the field propagates, the difference be- 
tween the phase noise of the fields disappears, which im- 
plies that correlations between the phase noise of both 
fields builds up. For the case of no decoherence, Eq. ( 10 1 



is an extension of Eq.(12) in Ref. [13], in the sense that 
it is valid for all uj. It is easy to see that the length of 
the fading of the phase difference between the fields goes 
like Zabs, Eq. (|7|. For the phase noise difference, we do 
not observe any oscillatory behavior, as in the case of the 
propagation of the field quadratures. 

Nevertheless, the oscillatory transfer of initial noise 
properties between the pump and probe field generates 
also an oscillatory creation and annihilation of correla- 
tions (defined in Eq. (Isl). When z ^ Zabs, from Eq. (A3 1 
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we obtain 



(gWz) [sin(0i-02)(/2H-/iH) 

2)(5lM-ff2H)]. (11) 



sm 

+ sin (til 



Equation (111 shows that if the noise properties of the 



pump and probe field are different, then correlations be- 
tween the fields oscillates for length scales small with 
respect to the absorption scale. Due to Q frequency- 
dependence, these correlations are different for each spec- 
trum frequency, showing a rich coherent interaction be- 
tween the probe and pump fields. Note that for the 
spectra of phase noise difference, nothing happens for 
z ^ -Zabs , implying that the correlation oscillations shown 



in Eq. (Ill are qualitatively different from the correla- 



tions implied in Ref. [H] and Eq.(lO). 

For z 3> Zabs, the correlations reach a constant value 
given by: 

Sc{z,L0) = ^(cOs((?i-02)(/lH + /2H) 



-COS 



ei + e2)(5iM + 32H)). (12) 
ial coherent states {fi — cji ~ 0), 



Note that, except for initial coherent states {fi — gi 
there is always a formation of correlations. 

We can interpret the generation of the z > Zabs con- 
stant correlations as a signature of initial noise in the 
fields, and the oscillatory correlations between the fields 
as a signature that the initial noise spectrum is different 
for each field. 

The interchange of noise properties and the oscillatory 
creation and annhilation of correlations can be explained 
by the fact that the two fields are coupled via the atomic 
medium. Due to EIT this coupling is such that the field 
mean values are unaltered and only the fluctuations get 
coupled. The atoms base level coherence plays a key role 
in this behavior, the oscillatory interchange of noise is 
complete and the generated correlations reach a maxi- 
mum when the base level coherence of the atoms, {(J12), 
is maximal. When ((712) goes to zero there is neither in- 
terchange of noise nor generation of correlations between 
the fields. 

When ai = a2 the oscillatory interchange of noise 
properties seems to resemble the noise interchanges that 
occurs when two oscillators, with the same frequency, 
are coupled (see Ref. [27 for an example with squeezed 
states). Differently to the case we are studying, in the two 
coupled oscillators the transfer of noise does not depend 
on the mean value of the fields: it is always complete. 
Also in this case the field mean value is altered during 
the interaction. 



IV. CARRIER FREQUENCIES IN A DETUNED 
TWO-PHOTON RESONANCE (Si =52/0) 

In this section we study the case where the carrier fre- 
quencies of the pump and probe field are in a detuned 



two- photon resonance 5 = 5i = 62 0- The pump field 
is initially in a coherent state and the probe field has 
initially some general noise. 

We solve equations ^ with Si ^ S2 ~ S and fi{uj) — 
gi{uj) = in the initial conditions Eq.(|6| (i.e., a coher- 
ent pump field) following the treatment used in |19j . In 
appendix |A 2| we list the analytical expressions for the 
quadrature noise spectra of the pump (j = 1 ) and probe 
(j = 2) field, and the correlations between them. 



A. Asymptotic behavior 



As is always negative, for large propagation 

lengths, z — > 00, we find 



Siiz,Lu) ^l + {S2iz^0,u;) - I) 



52(z,w) «l + (52(z = 0,w)-l) 



11^2 



(13) 



(14) 



which are reminiscent to similar correlations known from 
cavity EIT |2SJ and the effect of pulse-matching IIJ |T3] . 
The asymptotic behavior does not depend on 5. The 
distance where this asymptotic behavior is dominant is 



governed by the exponentials in Eqs. ( A5 1 and ( A6 ), and 
is of the order of 



Zabs«l/(Max(|Q«|,|Q^^|)) 



(15) 



When ai / 0, the asymptotic quadrature fluctuations 
of the pump field shows a fraction of the noise proper- 
ties of the probe field. Also the noise of the probe field 
diminishes if S2{z = 0,a;) > 1 and increases otherwise. 

For equal field intensities ai = a2, both fields have 
asymptotically the same fluctuations. 



B. The probe field is a vacuum squeezed state 

For a broadband vacuum squeezed state (0,2 = 0)the 
initial conditions (IgI reduce to 



5i(z-0,cj) = 1, 
S2{z^Q,uj) = e-2C 



cos 



' + e^^ sin^ I 



(16) 
(17) 



where ^ is a real number characterizing the amount of 
squeezing. 

From Eq. ( A5 ) can be concluded that the pump 



field quadratures remains as in the initial condition, 
Si{d,uj) — 1, as the field propagates. We also know 
that in the case where both fields are in resonance the 
medium is transparent for the squeezed vacuum, except 
for the expected absorption for frequencies detuned from 
resonance (see section III and Ref. [IH])- Nevertheless, 



when the fields are detuned but in two-photon resonance. 
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although there is no change for the mean values, the vac- 
uum squeezed state is altered. We can see this by sub- 



stituting q;2 = in Eq. (A6l 



case, the absorption of the maximum squeezed quadra- 
ture follows the classical absorption spectrum. This is 
not the case when there is two photon resonance but each 
field is detuned from the atomic transition. In Eq. (18 1 



-eQ'-^+Q+-cos{Q^^^z - OV"'^ + 2^) sinh(2e) . 



The propagation of a squeezed vacuum in an EIT 
medium for the case of detuned two-photon resonance is 
characterized by a frequency dependent quadrature rota- 

fr) (i) 

tion and absorption, characterized by Q^. and Q± , re- 
spectively. The spectrum absorption of the squeezing is 
thus different from the spectrum absorption of the mean 
value. 



1. Quadrature rotation 

To better understand the behavior of the coherent part 
(i.e., neglecting the absorption part) of the propagation, 
let us suppose that z <^ Zabs- In that case we can replace 
the exponentials in Eq. (A6l with 1. Comparing the re- 
sult with the incoming field, Eq. (17 1, we can write: 



S2{z,iu,0 = 0) = S2{z = 0,uj,e = {Q^l^ - Q^;'>)z/2) . 

(19) 

This last equation shows that the propagation of a 
squeezed probe vacuum in EIT, is equivalent to the rota- 
tion of the angle of maximum squeezing. The velocity of 

(r) 

this rotation is given by Qj_ and is a function of the de- 
tuned two-photon resonance parameter d and spectrum 
frequency uj. Due to the dependence of the velocity of 
rotation on w, after propagation the maximum squeezed 
probe quadrature would be different for each spectrum 
frequency. Note that this behavior can not be modeled 
using Eq.([T]). Since the 9 — quadrature fluctuation of 
the propagated field is different for each frequency, we 
can say that the media would not be transparent for the 
incoming broadband 9 = vacuum squeezed state. 

Note that this result is qualitatively different from the 
known case |30j . where as a result of the pump detuning 
all the quadratures are rotated the same amount, inde- 
pendently of u. The difference between our results and 
the results in |30j are due to the approximations used. In 
particular we do not make any adiabatic approximation. 
Note also that the frequency-dependence on the veloc- 
ity of quadrature rotation cannot be explained only by a 
global phase rotation due to slow light propagation. 



2. Spectrum of squeezing absorption 

The effect of the atom decay rate is, as the field prop- 
agates, to dampen the squeezing of the quadrature with 
maximum squeezing of the probe field. For the resonance 



it can be observed that the absorption is proportional to 
IQ^^I and the sum \q'(^ 



Q^'j. The two maxima lu± of 



each of the Q± are located at 



(18) 



= 6 + 



(20) 



Figure |4] shows the absorption spectrum. The absorp- 
tion spectrum of the noise differs qualitatively from the 
absorption spectrum of the mean values Fig. [2] only for 
Lu = S there is no absorption in either case. We denote 
the region around cu = S where absorption is negligible as 
Acos- The length of this spectral region, Acug, decreases 
as S increases. When S increases, the difference between 
uj'^ — Lu^ = oj^ — uiZ increases. When this difference is 
much bigger than 7, a spectral region appears between 
ui^ and uj^ , and between ivZ and uj^ where absorption is 
negligible. This is shown as the dotted line in Fig. |4(b)[ 
Then, when 6 ^ 7, f^, instead of the three regions of 
transparency that appears in the spectrum absorption 
for the mean values (see Fig. [2|, there are five regions 
of transparency: (i) around uj = S; (ii) between iv^ and 
ujZ', (iii) between ui^ and w^; (iv) when ui ^ and (v) 
UJ <C w i . The width of the transparency window for case 
(i) is of order Aug w 217^/5, for case (ii) and (iii) is of 
order S. 

Note that in Ref. [8j section II-C] , it is concluded 
that maximum absorption takes place at lu = S, and that 
there is an absorption of squeezed states around uj = S, 
and transparency elsewhere. This contradiction between 
the results presented here and those from the reference 
is due to the fact that they make the (5 3> 7 approxi- 
mation before solving the equation. As a result of that 
approximation, they do not obtain the transparency re- 
gion around uj = S. 

An example of the interplay between the rotation of 
the angle of maximum squeezing and the absorption of 
the initial squeezing due to the linewidth of the excited 
level, given by Eq. (18 1, is plotted in Fig. [5] 



C. The probe field is a squeezed state with ai = 02 

We discuss now the propagation of a squeezed probe 
field in the case where ai = a2- We separate this dis- 
cussion into three parts. From the form of the Q^_^'^\ 
Eq. (A8I, we can identify three regions of qualitatively 



different behavior, denoted by the Roman numbers I, II, 
and III in Fig. [6] We will therefore divide the study 
of the propagation of squeezed fields in EIT media into 
these three parts for the case 5 > 0, the other case being 
symmetric. 
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FIG. 4: Absorption spectrum for squeezed states for the 
case where there is a detuned two-photon resonance, a) |Q^'| 

(sohd line), |qL''| (dotted hue), b) |g^'' + for 5 = I7 

(sohd hne), 5 = 87 (dotted line). Note how five regions of 
transparency start to appear in figure b), see text for details. 
Parameter: Q — O.67. 
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FIG. 5: Propagation of the 6 = Q quadrature spectrum 
of the probe field, initially (at z = 0) in a broadband 
vacuum squeezed state with squeezing parameter ^ = 1, 
along the «-direction in the case of a pump detuning such 
that Q^^"^ IQ^I.'^ = 1.106 (solid line), and no pump detun- 
ing Q^VQ-'' ~ 1 (dashed line). The length scale is given 
by the parameters of the solid line curve. Parameters: 



Q«/<3-' = 1-224, \Ql'/Ql'\ = eOTT (solid line), Q^VQ 
1, |Q+VQ+'! = 637r (dashed line). 



1. Near-resonant case (Region I) 

We analyze here the propagation of the field in the 
near-resonant case, \ujS\ <C fi^. A qualitatively different 
behavior from the case (5 = appears. 



(r) 



a) fx 


I 




III 


; 









2 oj 



2 OJ 




FIG. 6: The oscillating parts of the quadrature fluctuation 
spectrum are proportional to Q^j? ■ In a) we show qJ^T'' (solid 
line) and Q^T' (dashed line) as a function of 5. The extrema 



are obtained for 5± — 



' 2 ^" 



The absorbing parts of the 



quadrature fluctuation spectrum oscillations are proportional 
to Qj!"*. In b) we show Q^_^^ (solid line) and (dashed 
line) as a function of 5. For Q^v' the extrema are obtained 



for ^4 



The maximum of Q^' (Q^^) is centered 



between the two extrema of (Q- ) 



Figs. [7] and 8(a) show a typical example of how the 
6 = quadrature of the field propagates, according to 
Eqs. (|A5| ,( |A6| , for the case of negligible absorption. In 
Fig. [8| we show the effect of the decay rate 7. The black 
area in the plots represents the fast oscillations. There 
are three scales that can be seen in Figs. [7] and § (i) 
a quick scale Zosc, where we have oscillating transfer of 
squeezing between pump and probe fields for some re- 
gions, (ii) an intermediate oscillating scale, Zi^t, given by 
the oscillation of the envelope of the fast oscillations; and 
(iii) the absorption scale Zabs which damps the oscillation 
behavior, given by Eq.(I5l. On the intermediate scale, 



the probe 9 = quadrature goes from a squeezed value to 
a maximum excess noise {S2{d = 0) > 1) and then back 
to the squeezed value. It is not difficult to show that for 
e^^ 3> I the maximum of the 6 = probe quadrature is 
82(6 = 0, Zmax) ~ and the minimum is e~^^. 

We proceed now to obtain analytical expressions for 
the scales. When > |w(w ± S)\ and q'l\q'+^ > 0, we 

(r) (r)\ 

can extract fast oscillating terms (given by Q_ \Q\) 
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and slow oscillating terms (given by Q 
Eqs.(|A5|) and (|A6|). Zosc 



terms: when loS <C 



^''^ - Q''+) from 
is given by the fast oscillating 



(21) 



The intermediate oscillating scale, Zi^t, is given by the 
slow oscillating terms: 



(22) 



To gain more insight into the propagation of an ini- 
tially 9 — quadrature squeezed state in EIT media, it 
is necessary to study all the quadratures. Excess noise 
in the 9 = quadrature after some propagation does not 
necessarily imply that the state is no longer a squeezed 
state. The squeezed quadrature could have been rotated 
(see section IV B). It is worth then, instead of studying 
the propagation of a specific quadrature, to study the 
propagation of the quadrature where the minimal and 
maximal fluctuations are achieved. To calculate these 
quadratures we minimize Eqs. ( |A5| and (A6l for 9. We 
will assume that z <C 2:abs- Simple expressions can be ob- 
tained for the angle ^min of the probe quadrature where 
the minimum value is reached and the angle ^max where 
the maximum value is reached: 



:,n ^ ^min,n ^~ 7r/2 , 



(23) 
(24) 



where n is an integer. Similarly to the case where the 



probe field is a vacuum squeezed state (see section IV B I 



the quadrature of minimal fluctuations rotates with prop- 
agation. 

In Fig. [9] we compare the ^min quadrature with the ^max 

(r) 

quadrature. We observe that for some values of Q\ z, 
the minimum quadrature and the maximum quadrature 
of the probe field reach the same value. This means that 

(r) 

for these particular values of Q\_ z, all the quadratures 

(r) 

have the same value. These values of Q\ z can be cal- 
culated analytically by minimizing Eqs. (A5l and (A6) 



with respect to z such that they are independent of 9. 
We obtain 



Q^-l'' Z2,+ {m) = AiTm + TT , 



(25) 



where m is an integer. 

The previous results tell us that for an initially 
squeezed probe field, the propagation has the effect of 
distributing the noise between the quadratures until, for 
distances defined by Eq. (25 1, the noise is equally dis- 



tributed between all the quadratures. Then, as the field 
continues to propagate, the inverse process starts until 
a particular mode quadrature is squeezed. This process 
repeats until the initial condition of the mode (a 6* = 
quadrature squeezed state for the probe field, a coher- 
ent state for the pump field) is reached. We understand 



this dynamics as a combination of the rotation of the 
quadrature of minimal fiuctuations due to detuning (see 
Eq. ( 23 1) and the interchange of noise between the probe 
and pump fields characterized by Zosc- 

A similar process occurs for the pump field but with 
the distances zi^±(m) where all the quadratures have the 
same value given by, 

(5+''zi^+(m) = Anm , 

g'L'^zi^_(TO) =47rTO. (26) 

The value of all the quadratures for these distances 
oscillates and is given by. 



5i(zi,±(to)) = S2{z2,±{m)) 



1 + ^(cos(g^"^Z2,±(m)) + l)sinh2(e) . 



2. Intermediate detuned two-photon resonance (region II) 



In region II (see Fig. [6(a)] ), it is not difficult to see 
that exponential absorption, in the vicinity of the maxi- 



mum of Q^^{6), makes all the properties of propagation 
described in the previous section fade away for distances 



z < z„ 



3. Large detuned two-photon resonance (region III) 

We now study the case of a large detuned two-photon 
resonance \6u!\ ^ 51^, (region III). For that case, 

Qir) ^ _Qir) ^ C6u/ 



2 ( ^ + S'^UJ^ 



(27) 



If (5 ^ 7 then IQ^^^'l ^ IQ^i^'' I and a simple expression can 



be found from Eqs. iA6\ and (A5) for z < z^hs 



/Mr). 



■ COS 



- sm 



From the former equation, it can be concluded that 
interchange of quantum fluctuation between pump and 

(r) 

probe happens when z = mr, n being an integer. 
Differently to the near- resonant case, described in sec- 



tion IV C 11 the distances where both fields have the same 



excess noise is reached before the interchange of noise be- 
tween the fields occurs. In Fig. [TO] an example of propa- 
gation for large detuned two-photon resonance is shown. 
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FIG. 7: Quantum properties of probe and pump fields propagating through an EIT medium with a detuned two-photon 
resonance. It is shown how the fluctuation spectrum of the probe fleld, initially (at 2 = 0) in a squeezed state with squeezing 
parameter ^ = 1 propagates along the z-direction in the case where z ^ Zaba- The oscillatory transfer of squeezing between 
probe and pump can be clearly seen to be transformed into excess noise until both fields reach the same value. Parameters: 
gW ^ qW ^ 0, oV'VQ-' = 1-014, 0^;VQ-' = 1-029 
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FIG. 8: Quantum properties of probe and pump fields prop- 
agating through an EIT medium with a detuned two-photon 
resonance. It is shown how the fluctuation spectrum of the 
probe field, initially (at 2 = 0) in a squeezed state with 
squeezing parameter ^ = 1 propagates along the 2-direction 
for different decay rates. The black area of the plots rep- 
resents the fast oscillations, a) No decay rate (Q^' = 0), 
b)-c) |Q^'''/Q+'| = 4497r, 2247r, 457r (Q^' is proportional to 
the decay rate). The Zint scale from minimum e~^^ to e^*/4 
and back can be clearly seen in a). From b) to c) the ef- 
fect of the absorption scale can be clearly seen. Parameters: 



1.014, Q'^!VQ-' = 1-029, Qi = 02. 



V. MOVING ATOMS AND TWO-PHOTON 
RESONANCE: DOPPLER EFFECT 



■^2 i^min )' ■Si (^max ) 




47r &n I2n \biT 2Qn 2An 28;r T,2n libn AOn 447r 48;r 

FIG. 9: Propagation of the probe's ^max quadrature spectrum 
compared with the probe's Smin quadrature spectrum for z <^ 
Zabs. Here Smax maximize the quadrature and 6'niin minimize 
the quadrature. It is clearly seen that there are distances 
where the Smax and Omin quadratures are equal. Parameters: 
Q^VQ^'' = 1.042,qW = qW = 0, 02 = Qi, e = 2 
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FIG. 10: The 6 = quadrature spectrum of the probe field 
(solid line) initially (at z = 0) in a squeezed state with squeez- 
ing parameter ^ = 1 and the pump field (dashed line) initially 
in a coherent state, propagates along the 2-direction in the 
case of large detuning \5\ ^ 7, \5lj\ ^ f2^,aj^, 02 = ai. 



In this section we study numerically the effect of the 
atoms' Doppler width in the spectrum of quadrature fluc- 
tuation. 

As we studied in the previous section, if the pump field 
is not in resonance with the dipole transition, then the 
propagation of the state is hugely altered and the final 
propagated state can be very different from the initial 
state. This means that for moving atoms, due to the 



Doppler width, groups of atoms with different directions 
and velocities would see different detuned two photon 
resonance, and each group would have a different influ- 
ence on the propagation of the initial state. Using the 
superposition principle of the fleld and the fact that we 
are working in a linear approximation, the propagated fl- 
nal fleld would be a sum of the propagated fleld for each 
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group of atoms a{t) = p{S)as{t)d6, where as{t) is the ^2{6—0^ 
solution of equation ( 2a I when the atoms' velocity is such 



A6=.5n 



that the detuned two-photon resonance is S, and p{S) is 
the density of atoms with velocities and directions such 
that the detuned two-photon resonance is 6. The final 
quadrature spectrum is then given by 



where 



00 />oo 



OO <J —00 



S{0,LO, 61,62) 



p{6i)p{62)S2{0,Lo,6i,52)d6id62 , 

(28) 

e~^'^'{5Yl{t)6Yl^mdt, (29) 



and 6Yl{t) = 6a5^{t) exp{~ie) + 6al^{t) exp{ie). We will 
assume that p{6) is a Gaussian with variance A6. 

To obtain the effect of the Doppler width in the 
quadrature spectrum we calculate, from Eqs. ([2]), 
S{9, ui,6i, 62) following a method similar to the one used 
in [19]. Then we numerically integrate Eq. (28 1. 

The frequency uj obtained from Fourier transform- 
ing Eqs. (2) is the spectrum frequency measured from 
the field carrier frequencies. For fixed lo, changing 6 
also changes the spectrum frequency with respect to the 
dipole transition of the atom. In order to correctly obtain 
the Doppler effect in the quadrature, before integrating 
Eq. ( [28] ) we substituted uj hy u; — 6. After this sub- 
stitution, and in this section, uj represents the spectrum 
frequency with respect to the atomic transition. 



A. The probe field is squeezed vacuum 

We now suppose that the probe field is in a broad- 
band squeezed vacuum. This means that a2 = 0. In 
this case, for atoms at rest, and a coherent pump field in 
resonance with its corresponding transition, the medium 
is transparent for the squeezed vacuum (see section III 
and Ref. 



). In Fig. 11 we show the numerically 



calculated probe ^ = quadrature spectrum for an ini- 
tially squeezed vacuum propagating in a medium com- 
posed of atoms with Doppler distribution with width A6. 
For = .OI7, the detuned two-photon resonance due 
to the Doppler effect is small and does not affect the 
propagation. As A6 increase, the effect of the different 
quadrature rotation on the incoming field, due to atoms 
with different detuned two-photon resonance, begins to 
be important. When A6 ^ .257 we even have excess 
noise in the 9 = quadratures for some distances. The 
excess noise is larger the larger A6. In the limit z — > cx) it 
can be calculated from Eq.( 14l that the 9 = quadrature 
will be 1. 




FIG. 11: Propagation of the ^ = quadrature spectrum 
of the probe field initially (at z = 0) in a vacuum squeezed 
state with squeezing parameter ^ = 2 along the ^-direction 
in a medium composed of atoms with Doppler width AS = 
.OI7, .I7, .257, .57. It is clearly seen how the Doppler ef- 
fect affect the propagation of a vacuum squeezed state. Pa- 
rameters: 71 = 72, gi = 92 = 7/10, ill = I7, 0,2 = 0, 
u = 7/10,iV = 10^^ 



B. Tlie probe field is squeezed state 

We study now how the Doppler effect affects the prop- 
agation of a squeezed state as a probe initial condition. 
We will suppose that the mean value of the probe field 
is equal to the mean value of the pump field, ai = a2. 
We will also suppose that the carrier frequencies of both 
fields are in resonance with their respective dipole tran- 
sitions of the atoms at rest. 

Numerical results are presented in Fig. [12] for gi = 
.92 = 7/IO ; »i = ^2 = ll, CO = 7/10,iV = 1012, ^ = 
2. In Fig )12(a)[ for a Doppler width of A6 = O.OI7, 
the behavior of the state propagation is very similar to 
the studied in section III From Fig )12(b)] to Fig 12(c)[ 
it can be seen how the increase of the Doppler width 
starts to destroy the interchange of squeezing properties 
between the probe and pump field and the differences 
between both fields vanish. In Fig )12(d)] both fields have 
practically the same 9 = quadrature spectra for zC /7 > 
50. 

These results impose restrictions in the allowed atoms' 
Doppler width for studying quantum state propagation 
in EIT media. 



VI. CONCLUSIONS 

We have shown that in the propagation of pump and 
probe fields through an EIT medium, the initial noise 
properties of the field are not conserved, except for the 
carrier frequencies which drive the atoms on two-photon 
resonance. We found a series of novel behavior in the 
propagations. 

The results reported in Ref. [19] extend to any initial 
spectrum of noise. The effect of coherent propagation 
(i.e., neglecting the exponential decay terms) is to inter- 
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FIG. 12: Propagation of the 9 = quadrature spectrum of the 
probe field initially (at 2 = 0) in a squeezed state with squeez- 
ing parameter ^ = 2 along the z-direction in a medium com- 
posed of atoms with Doppler width AS = .OI7, .I7, ■25'y, .67. 
It is clearly seen how the Doppler effect can destroy the os- 
cillatory transfer of squeezing between the probe and pump 
field. Parameters:7i = 72, gi ~ 92 = 7/IO, Qi = Q2 = 7, 
uj = j/10,N = 10^^. 



change the noise properties between the probe and pump 
field as the field propagates. The interchange is maximal 
when both fields have comparable intensities. The fre- 
quency of the interchange of noise properties depends on 
the spectrum frequency. This implies that the noise spec- 
trum of the outcoming field can be completely different 
to the noise spectrum of the incoming field. 

When the initial noise spectrum is different between 
the fields, as the field propagates there is an oscilla- 
tory creation and annihilation of correlations between the 
pump and probe fields. 

The oscillatory interchange of noise properties between 
the two fields is reminiscent to the case of two cou- 
pled harmonic oscillators '27]. However, in the case pre- 
sented here, the coupling is realized by a quantum sys- 
tem, namely the atomic media, which shows some spe- 
cial properties due to EIT: In terms of mean values, 
there is no excited state population, and thus the fields 
and the atomic media are uncoupled. Consequently, the 
mean values are stationary, in contrast to the case of 
the two oscillators. Coupling is enabled by the quan- 
tum fluctuations of the atomic dipole moments, and the 
ground state coherence conveys the interaction between 
the two fields. Indeed, the generated correlations are 
most strongly present when (CT12) is maximal. Apart 
from the coherent dynamics, the atomic media intro- 
duces noise due to the finite lifetime of the excited state 
level. This is reflected in the decay of the oscillatory 
interchange of noise properties between the fields at a 
certain time scale. 

The effect of a detuned two-photon resonance in the 
propagation of an initially broad band vacuum squeezed 
state as the probe field and a coherent state as the pump 
field, is to rotate the quadrature of maximum squeezing 



as the field propagates. The velocity of the rotation is a 
function of the detuned two-photon resonance and spec- 
trum frequency. With a frequency-dependent velocity of 
rotation, the outcoming field can be completely different 
to the incoming field. This frequency-dependent phase 
is different to the expected global phase (the same phase 
for all frequencies) due to slow velocity propagation in- 
side the medium. 

When both fields have comparable Rabi frequencies, 
with the probe field initially in a squeezed state and 
the pump field in a coherent state, the effect of a de- 
tuned two photon resonance in the propagation can be 
described as a combination of a rotation of the maxi- 
mum squeezed quadrature with an interchange of squeez- 
ing properties between the pump and probe fields. The 
effect of this combination is to redistribute the noise in 
such a way that gives rise to mode-dependent propaga- 
tion distances where all the quadratures have the same 
noise. As the field continues to propagate we recover the 
mode squeezed state. 

Besides the fields' coherent propagation, the squeezing 
properties of the quadratures are absorbed as the field 
propagates. The absorption spectrum for the squeezing 
properties is different to the absorption spectrum for the 
mean values. It is interesting to note that the trans- 
parency window around spectrum frequency cu = S is 
inversely proportional to the detuned two-photon reso- 
nance and can be very narrow. 

An important result, is the influence of the atoms' 
Doppler width on the propagation of a squeezed probe 
field. Differently to the propagation of the mean values, 
where the Doppler effect has a small influence, and due 
to the considerable effect that detuned two-photon reso- 
nance has for states propagating in an EIT medium, the 
atoms' Doppler width can destroys the initial squeezing 
properties of the field as it propagates. 
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APPENDIX A: ANALYTICAL EXPRESSIONS 
FOR THE NOISE AND CORRELATION 
SPECTRA. 

We solve equations ^ with 5i = $2 = and noise 
spectrum given by ([6]), following the treatment used in 
[in]. We obtain the following analytical results. 
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The resonance case the pump Si and probe 52 quadrature noise spectra: 



For the resonance case, Si = S2 = 0, and noise spec- 
trum given by ^ we obtain the following expressions for 



1 



4e "^'"'^cos 



(q«z) al (/i(c.) - f2{io) + cos(20) (51 (c.) - gsH)) aj 



+2e-^'^"''al (/2(c^)«? + alfiico) + cos(20) (52(c^)«? + «25i(^))) 
+2 (/i(w)q? + a2/2(^) + cos(2^) + «252H)) i + 1 , 



(Al) 



52(z, w) 



1 



4e '2*''"' cos 



(q('-)z) a2«2 (_^^(^) _^ y^(^) _^ ^Qg(20) (g2(c^) - gi{oj))) 
+26-'"^' '^al {f2ito)al + alfiito) + cos(20) {g2ito)al + a^5i(c^))) 
+2al {fi{Lu)al + alhioj) + cos(20) (gi(c^)a? + a252H)) i + 1 • 



(A2) 



For the case, 171 — §2 and ai — 02 we have for the correlation spectrum 

Sc{z,u;) = i(cos(0i-02)(/iH + /2H) + cos(0i+02)(5iM+52H) 



with 



+2e-Q"'^ sin (q«z) (sin {Oi - 62) (/2(^) - h{oj)) + sin {Oi + (?2) {9i{u^) - 92{oj))) 
-e-'?'"^ (cos {Oi - 62) (/i(a;) + f2{uj)) + cos (^i + ^2) (ffi(w) + <?2(c^))) ) , 



Q = uC 

^^''^ = ReQ = cjC 



27/2 



Q^*^ =ImQ = C „ 

[r!2_t^2]2^ ^2^2/4 



^ JV(g2n2 + g2^2 ^ 



(A3) 

(A4a) 
(A4b) 
(A4c) 



2. Detuned two-photon resonance case 

For the detuned two-photon resonance case. Si ^ 62 = S, and assuming that fi = gi = in Eqs. ([6]), we obtain 



a\ a2 
(ai2 -I- 0:22)^ 



{/2(c.) [2 e^Q-'- -f 62^?+"^ - 2e«-'- cos qL^'^z - 2e«+'^ cos qV'^z' 
+ 2g2(t^) [cos 261 + e^-'^M"^ cos(qL''^z - Q^^^z + 26*) 



+ 

e«+'" cos(Q^''^z - 20) - e'?-'" cos(qL''^z + 20)] | , (A5) 
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{ai' [f2{^) [e'Q'-' + e<"^) + 2.92(0.) eQ-'^+'3+'^ cos(gf:')z - Q^'^z + 26) 
+ az'ai' [2/2(1.) (e«-'^cosgL''^z + e«+'^ cos Q^'^^z) 

+ 2g2(w) (e^+'" cos(qV"^z - 20) + e«-'^ cos(gL"^z + 20)' 
+ 2a2^(/2(c.)+52(c.)cos20)}. 

For the correlations we have, assuming ai = a2 and gi — 52 

,{z,uj, 61,62) = -^e'^'-" (cos (01 - 02) (/i(c.) + /2(c.)) + 2sin(gL''^z)sin(0i - 02) (/i(^) - /2(w)) 
-cos (qL'''z + 0i + 02) (gi(a;)-g2(c.))) 
- ie«+'^ cos (qJ^z - 01 - 02) (.91 (c.) - 52 (c.)) 

^+0+'^ cos (qL'^^z - z + 01 + 02) (giiu;) + .92(0.)) 



5. 



with 



1 nW.in(') 



+ ^ (cos (01 - 02) (/i(w) + /2(c.)) + COS (01 + 02) (giiu;) + 52(w))) 



(A6) 



Q± = ll>C 



Q^l^ = ReQ± = ojC 



= ImQ± = C 



- uj{uj ± 6) + iw7/2 

- Lj{uj ± s) 



(A7) 

(A8a) 
(A8b) 
(A8c) 



_ Nigfnl + gin^ 
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